1. Introduction. This paper is the continuation to the axisymmetric case of the plane problem analyzed in [9] . The introduction presented in [9] could be practically completely replicated herein, as well as sited works within [9] . With analytical approaches in mind, we refer review [1] reflecting the multitude of studies of a body's impact interaction with elastic and liquid media, while numerical approaches (primarily the method of finite elements) can be found in review [17] . A generalizing monograph in the field of contact interaction [3] is devoted to the development of analytical approaches to the solution of problems about the action of impact on an elastic medium. In the common case, the indentation problem is formulated as a unsteady-state mixed initially-boundary elasticity problem with an unknown (temporally varying) boundary, which must be determined in the course of the solution. The problem statement includes:
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· equations of dynamic deformation of the impacted solid; · the equation of the indenter motion; · the ratio presenting the resistive force (drag) as a function of contact stresses on a priori unknown contact surface; · the equation connecting the contact zone size with the indenter displacement, · the corresponding boundary and initial conditions; The overwhelming majority of publications (at least of those in which analytical methods are used) are devoted to the problem of impact by rigid or deformable indenter against a halfspace that precludes the possibility of analyzing the waves reflected from the boundaries of the impacted solid. Studies of indenter interaction with solids of finite size are much less represented. Positing such a problem appears topical in the practical aspect as well -in particular, in view of the wide use of laminate materials in modern aircraft and shipbuilding. It is noteworthy that scale effect is among the determinant qualitative factors for problems of stresses and fracture in impact interaction (see e.g. [10, 11] ): the structure element under impact loading is destroyed by stresses whose level is formed due to superposition of waves reflected from boundary surfaces. The classical Hertz theory of collision is known to be applicable in dynamics at large time values, i. е. after the wave processes have faded in the solid. The Saint -Venant wave theory of rod collision is well developed only for one-dimensional or quasi one-dimensional problems and does not take into account energy transfer in directions different from the impact one. The foresaid evaluates the motivation of the presented work devoted to the construction and investigation of more adequate models and methods for dynamic processes of indentation. This paper, in similar to [9] , consists of two parts: in the first one a precise analytical solution of the problem is built of the indentation with a constant impact velocity of an smooth shape axisymmetric rigid body into an elastic layer. The dynamic process is determined by the superposition of the initial and reflected waves with different physical and mechanical characteristics of the layer material.
The computer solution obtained in the second part is built on the basis of the simplified model of theory of elasticity with a single displacement introduced in [12] and used in a set of dynamical problems (see references to [9] ), in which the displacement coincident with the impact direction predominates. In the model, the two-dimensional character remains of the process under consideration, while instead of the traditional equations of theory of elasticity axial stresses are eliminated. The explicit finite difference algorithms are used together with the mesh dispersion minimization (MDM) approach, resulting in precise calculations of discontinuities. The MDM, originally created in [15] for one-dimensional hyperbolic equations and upgraded in [4 -6, 8, 14] for computation of wave and fracture processes in elastic and hydro-elastic systems, was for the first time applied to the twodimensional contact-impact problem in [9] . The MDM technique is based on a generalized concept of the Courant condition that relates mesh parameters to wave velocity, which reflects properties of the material at hand. Difference presentation of original differential equations exhibits some typical domains of influence, and the idea behind MDM is to properly adjust these domains so as to improve convergence. To this end, phase velocities of high-frequency components of the continuous model have to be considered, and the mesh to be set so that the propagation velocities in the discrete model approximate the former as closely as possible. An important technical advantage of MDM is that it utilizes the same mesh for both high-gradient and smoothed components of solution. A satisfactory correspondence of analytical and computer solutions opens the way for using the latter to solve contact-impact problems, in which the indenter has an irregular shape (see [9] ). In this paper, the parametric analysis is presented of the stress pattern and the drag developed with time concerning to variations of indenter shapes and masses.
2. Problem statement. A rigid indenter reaches the surface of elastic layer 0 z = at time 0 t = and begins to press into it. The pressing-in process is specified by the indenter's velocity 0 () Vt perpendicular to the layer's surface. The impact velocity is assumed to be much less than that of the elastic waves in the layer, while the penetration depths are insignificant. This enables to use the formulation of a linear problem of theory elasticity with the boundary conditions remaining valid for the undisturbed layer surface. Wе refer the layer to polar coordinates , ( , 0 ) rzrzh -¥<<¥££ , so that radial coordinate r is directed along the free surface and axis z into the layer (Fig. 1 ).
The indenter surface is defined by rotation (with respect to axis z) of given curve ( ). 
The bluntness of the indenter face and a relatively small indentation deep allow us boundary conditions to be formulated on undisturbed halfspace surface z =0. The indenter surface in current time moment t is described by the following way: 
Normal displacements and shear stresses are zero аt the layer back surface
The boundaries of the contact zone will be the intersection points of the body indenting contour () rt 
System (1)- (9) formulates the problem of indenter and layer interaction at the given impact velocity.
3. Analytical solution. This section is based on the problem solving technique presented in [2] . The formulated problem admits an analytical solution on the condition that the indenter contour is a sufficiently smooth, gently changing curve. Let the flatness of the indenter be such that at small times of interaction the mentioned above contour () rt * under conditions (4) moves along the surface z = 0 with velocity exceeding that of the elastic waves. As a result the latter do not emerge on the free layer surface, and conditions on boundary
HrrVtVtr t
Here () H × is the Heaviside step function. The condition on the layer backing remains unchanged 0, 0
The solution to be obtained here, apart from its independent significance, also serves below to test the numerical algorithm.
Following to [2] we use the Laplace integral transform in time (parameter s , upper index L ) and the Bessel integral transform along the radial coordinate (parameter x , upper index B ): Our problem is to reverse expression (14) with respect to integral transforms. To this end, we restrict analytical results by obtaining normal stresses in the axis z (r = 0) in the case of a parabolic surface of the indenter moving with a constant velocity V 0 . Then it can be seen that function (,) frt and its transform are the following:
Omitting details of the reversion technique (see [2] ) we present the final expression of the above-mentioned stresses linearly increase with time and inversely proportional to the general rigidity of the layer (or, it the same, to the layer thickness). The analogue pattern was also obtained in plane case [9] . Note that additional results calculated with (16) depending on parameters of layer material and its thickness are presented in [2] .
4. Numerical solution. In this section, results of computer simulations are presented of the considered problem for some irregular shapes of the indenter having sharp edges (i.e. with discontinuities in the shape curvature), which result in singular stresses arising in the indentation process. To the best of the present authors' knowledge, closed analytical solutions are absent for the considered impact-contact problems.
Recall that in the case of the plane problem the MDM finite difference solution is obtained in [9] on the basis of the Rachmatullin simplified model of theory of elasticity with a singe displacement [12] . The simplification are based on corresponding physicalgeometrical assumptions. The solution obtained by this way requires of a purposeful comparison with the precise model of theory of elasticity and evaluation of a discrepancy.
The model declares the following inequalities and consequences for stress components: 
Here and below c p and g are used as measurement units. Besides, we postulate zero initial conditions and the following (modified) boundary conditions:
: 0
The indenter motion is calculated by the following way:
() 
In this simplified formulation neither axial displacement r u nor axial stress rr s are determined, and component r uz ¶ ¶ of shear stresses is also absent. Because a single displacement is postulated, shear boundary conditions at 0 z = and zh = are not required here. As was shown in [9] the considered model is turned be in good correspondence with the conventional theory of elasticity. Below we compare the results obtained by this model in the axisymmetrical case with the analytical solution presented above, in Section 3.The indirect justification for application of this simplified model to the considered problem can be found in the fact that it correctly described the qualitative stress pattern obtained for the analytical solution (see Fig. 2 ) and has controlled quantitative divergence.
As in [9] , a reason to using the simplified model is the methodological one: the explicit difference algorithm presented below and applied to the model allows front discontinuities and singular components of the solution to be calculated without parasite effects of the mesh discretization. Note, in connection with this, that in a lot of computer algorithms designed to contact-impact problem solving the question how to accurate describe wave fronts and high gradients of solutions remains open. To eliminate parasite oscillations arising in front vicinities appeared in explicit and implicit difference algorithms including those used in commercial hydro-codes (see, for example [7, 16, 17] ), the socalled artificial viscosity is introduced. This technique permits the parasite oscillations to be significantly decreased, however, at the same time it results in spreading front discontinuities. In problems similar to the discussed here, the wave pattern is formed by multiple reflections, and, with their accurate description in mind, the artificial viscosity is turned be unacceptable. Thus, mesh dispersion, rather than the approximation problem, is the main obstacle for accurate calculations of contact-impact problems by explicit algorithms. Beginning from [15] , the MDM algorithms were designed and successfully realized in [4-6, 8, 14] for diverse 1D wave propagation problems an related applications, while to the best of the present authors' knowledge MDM algorithms for calculating 2D wave processes have been designed for the first time in [9] to analyze a plane contactimpact problem. In this work, MDM algorithms elaborated in [9] are adapted for the axisymmetric problem formulated above.
In the computer model we introduce difference mesh steps , 
In scheme (20), the first three approximations are conventional, which are used in the explicit algorithm, while the forth one is the MDM representation of , k ji U . As it can be seen, in the discrete analog of (18) In figures below, we present results calculated by model (18)-(19) with approximation (21). Examples of calculation illustrate unsteady-state stress patterns developed in a halfspace or in a finite thickness layer under impact indentation of solid punches of various shapes and masses. The layer thickness is taken h = 1, while the case of a halfspace (~inf h ) thickness h = H is taken so that waves reflected from the layer backing z = H are not detected in the region, in which calculation results are analyzed. We consider cylindrical, parabolic, conical and mixed (the cylinder with parabolic or conical heads) indenter shapes. In the case of a cylindrical indenter with various head shapes the length unit is the cylinder radius (R = 1). Units of the velocity, stress and density are c p , a and g , respectively. The problem linearity allows the initial impact velocity, V 0 , to be taken equal to (Figs. 8, 9) were conducted for the case of a cylindrical punch with the plane head indented into a halfspase.
Preparatory to the description of computer results we must premise with the following general notation. The action of indenters having singular head shapes (by another words, punches with edges) results in a sharp bend in the front surface and in singular stresses developed in the edge vicinity. The used here linear deformation model is not suitable for description such singularities, and the mentioned results can be considered as a first approximation for a nonlinear case. Note also that discrete computer models determine the average shear angles and average stresses over the area of the spatial step. This circumstance is taken into account below in the analysis of numerical solutions.
First, with the aim to compare analytical and numerical solutions, an indenter with the parabolic shape is considered. In Fig. 2 ,b normal stresses (,0) zz r s at the interface z = 0 are depicted vs. time. All the parameters are the same that taken in the analytical solution shown in Fig. 2 ,a: h = 1, the indentation velocity V 0 =0.1, the parameter of the paraboloid curvature is 0.2. Steps of the difference mesh are 0.001 rzt D=D=D= . Comparison of analytical and computer solutions (upper curves in Fig 2,a and 2 ,b respectively) shows a good qualitative correspondence of this two approaches. Quantitative difference is that stress amplitudes in computer solution turns out be higher than analytical those, the convergence increases with time and its maximal value behaves about of ~ 6% at the vicinity of t ~ 5. As calculation show, in cases of relatively low b this convergence is more significant and increases with decrease in b .
In the above-considered case ( One can see that front discontinuities of reflected waves are decreased with increase in r.
In Fig. 3 ,a the geometry of the cylindrical indenter with a paraboloid head is shown, while in Fig. 3 Stresses s zz (r, 0) and drag F (normalized to the cylinder square) in the case h = 1 are shown in Fig. 5,a. Curves 1, 2, 3, 4 , 5, 6 correspond to r = 0, 0.5, 0.9, 0.95, 0.99, 1.00. Due to the chosen scale, curves 1 and 2 are weakly differed (curve 1 is bolded to differ them).
Analysis of the above-presented data results in the following conclusions: -a singularity-caused strong non-uniformity of stresses distributed along the interface is preserved for all the process time; -shear waves induced from the singularity r = 1, z = 0 are not practically influenced in stresses s zz (r, z) in the singularity region, while they can be watched at the vicinity of the axis (~ 0.5 r £ in presented figures), where the effect of convergent shear waves is maximal; -the value of the relative contribution of discontinuities in stress (and drag) amplitudes caused by incoming fronts of reflected waves decrease with time in the 
With the last conclusion in mind, we obtain time asymptotes s zz (r,0) ~ А(r)t., In Fig.  5 ,b this dependence is depicted. The similar factor for the drag, А d , is 1.5. Note, that this value obtained in the plane problem [9] (with the same parameters) was А d ~ 1 that allowed the following rough practical estimation to be proved: the drag value can be obtained on the basis of the simplest 1D "spring model": the layer can be described by an inertionless spring having an effective rigidity of the vertical cylinder with the radius equals to the punch radius. Thus, a detectable difference exists for resistance to indentation of plane and axisymmetric punches, the latter is ~ 1.5 times greater. A similar result was obtained in [13] , where resistances to impact of thin strings and membranes (respectively, plane and axisymmetric cases) were compared.
Normal stresses influence of the singular point r = 0: stresses at the interface possess constant amplitudes equal to 1 up to the moment of incoming of waves propagated from this singular point. Once after that, stresses increase with time, while their growth rate decreases with the distance from the axis. The smaller the cone opening, the more distinctly the described process is revealed. Results shown in Fig. 7 are calculated in the case tgj = 2. Curves depicted in Fig. 7 ,a correspond to interaction of an unbounded conical indenter with a layer of thickness h = 1. As above, in Figs. 6,a and 6,b, curves 1, 2, 3, 4, 5, 6 and 7 correspond to r = 0, 0.1, 0.2, 0.5, 1.00, 2.00, 4.00. It can be seen that the stress pattern remains the same that in the previous case up to incoming the first reflection from the backing to singular point r = 1, z = 0. One can see "spreading fronts" of first reflections at the region adjacent to the axis, where the relative contribution to the general pattern is more significant of waves induced from singular point r = 0, z = 0. This contribution increases with t and r, as the described values are approached to the step-change character inherent the simplest one-dimensional case when ( ) singular point r = 1, z = 0, while the most influence of this singularity is detected in the nearest vicinity of the edge (curves 5, 6, 7). The action of reflected waves is qualitatively the same as in the case of a plane indenter head.
Stresses
The last group of results (Figs. 8, 9 ) show stresses at the interface and peculiarities of the motion pattern of plane face cylindrical punches of various masses indented into a halfspace. The upper row of pictures in Fig. 8 At the process beginning (tt =D in the discrete model) we, as expected, obtain: s(r,0) = V = 1, F = 1. Once after that the punch speed monotonically decreases up to the time moment t r = 2(1 -r) when shear waves radiated by edge R = 1 are detected in current section r. In this moment, a kink is appeared in curve s(r,0) resulting in deceleration of stresses decreasing at the axis vicinity and, vice versa, in stresses increasing at the edge vicinity. In the latter, stresses reach the maximal value, which increases with M; the drag is changed by the similar way. Obtained results can be summarized by the following conclusions:
1. An analytical solution of the considered problem was built in the case of blunt solid body indented with a constant velocity into an elastic layer. 2. Numerical algorithms to problem solving have been designed on the basis of the MDM technique. The computer solution allows step-wise character of the wave process to be precisely revealed. 3. Parametric analysis of the problem was conducted for a set of indenter shapes and mass values. The emphasis is made to development of the stress pattern in cases of singular shapes of the indenter head.
